
To the Editor:

In “Calculation of Densities from Cu-
bic Equations of State,” (April 2002),
Deiters1 reported that Cardano’s method
was not the fastest algorithm for finding
the roots of a cubic polynomial, and he
proposed an algorithm based on iteration
that was found to be faster than Carda-
no’s method. My finding was the con-
trary, as shown later in this letter.

A cubic polynomial to be solved is Eq.
5, the normalized form, in Deiters,1 and
the computer program for Cardano’s
method in C/C�� language is partially
shown below:

p � b1 � b2*b2/3.; (1)

q � b0 � b1*b2/3. � 2.*b2*b2*b2/27.;

(2)

a2 � b2/3.; (3)

d � p*p*p/27. � q*q/4.; (4)

If d � 0, there is one real root (x0) as
follows:

arg � pow��q/2. � sqrt�d�, �1./3.��;

(5)

x0 � arg � �p/3.�/arg � a2; (6)

Otherwise, there are three real roots (x0,
x1, and x2):

theta

� acos��q/2.*sqrt��27./�p*p*p���;

(7)

rootq � 2.*sqrt��p/3.�; (8)

x0 � rootq*cos�theta/3.� � a2; (9)

x1 � rootq*cos��theta � 2.*M_PI�/3.�

� a2; (10)

x2 � rootq*cos��theta � 4.*M_PI�/3.�

� a2; (11)

The previous program was made as
efficient as possible by taking into con-
sideration of

(1) using “slow” functions (such as
pow, sqrt, and trigonometric functions)
sparingly or only when they were neces-
sary

(2) as much as possible replacing the
“slow” functions with mathematical op-
erations that were very quick in execution

(3) avoiding repeats of the same cal-
culation which especially used “slow”
functions
The above-mentioned consideration was
also used for Deiters’ iterative method.

An example in Walas,2 for solving the
compressibility factors of the Redlich–
Kwong EOS, was used to compare the

execution speed of Cardano’s method
and Deiters’ iterative method. As sug-
gested by Deiters,1 Cardano’s method
was always followed with a Newton iter-
ation step for one root of interest to guar-
antee the root’s precision of 10�15 or
better. The same precision was also guar-
anteed for Deiters’ iterative method.

Test runs on a personal computer [Dell
Series GX280 (processor Intel Pentium 4,
3.6 GHz)] showed that, when efficient
computer codes were written, Cardano’s
method was still faster than Deiters’ iter-
ative method, as seen in Table 1.
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Table 1. CPU Time Required to Determine All Roots of a Cubic Polynomial

Temperature
(K)

Pressure
(atm)

Time (�s)

Cardano’s Method
Deiters’ Iterative

Method

300* 11.81 0.821 1.262
320* 18.51 0.821 1.261
340* 27.39 0.821 1.422
350* 32.72 0.821 1.422
360** 38.68 0.751 1.302
370** 45.27 0.751 1.302

*Three real roots.
**One real root.
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